Abstract-We investigate a new robust multiuser signal detector for asynchronous CDMA uplink channels under delay mismatch. We first formulate a robust decorrelating detector by dividing each user into two virtual users with rectangular chip pulse shapes. To increase the system capacity, a multistage version of the robust decorrelating detector is derived, which can achieve capacity of up to M/(M +1) of the spreading factor, where M is the observation block length. We further propose a robust successive interference cancellation (SIC) implementation. The proposed robust SIC detector adds only a residual error estimation procedure onto the standard SIC detector, so its computational complexity is of the same order of that of the SIC. Performance is investigated via analysis and simulation. Computer simulation results showed that our proposed robust SIC detector outperforms the conventional decorrelating detector when delay estimation error is present, and its performance is close to that of the decorrelating detector with perfect time delay information. Finally, we generalize the robust SIC detector to the case of non-rectangular chip pulse shapes.
I. Introduction
A VARIETY of low complexity multiuser detectors have been proposed in the past decade, including the decorrelating detector [1] , the MMSE detector [2] , the multistage successive interference cancellation [3] and parallel interference cancellation detector [4] . However, these multiuser detectors all need perfect time delay information for all the users at the basestation receiver.
In a practical CDMA communication system, time delays have to be estimated. Existing delay estimation methods include the sliding correlator [6] , subspace-based algorithms [7] [8], single-user maximum-likelihood [9] , and the large sample maximum-likelihood (LSML) algorithm [10] . For an observation length of 100 symbols, current sliding correlator delay estimation methods [6] can achieve a delay estimation error within 0.2 T c , and the subspace-based MUSIC algorithm can achieve 0.03 T c , where T c is the chip duration [7] .
The effect of imperfect time delay estimation, i.e., delay mismatch, on the performance of multiuser detectors has been investigated in [11] [12] [13] [14] [15] . It is shown that these multiuser detectors are sensitive to delay mismatch: bit-error-rate (BER) performance degrades greatly even with relatively small delay estimation errors under severe near-far scenarios, i.e., 20 dB.
Modified multiuser detectors have thus been proposed to mitigate the effects of imperfect time delay. The decorrelating detector [16] and delay-independent decorrelating detector [17] for the quasi-synchronous CDMA (QS-CDMA) channel are based on a deterministic delay error model for a rectangular chip pulse shape. The chip-asynchronous user signal is modelled as the sum of signals from two equivalent chip-synchronous virtual users. The multiple-access interference (MAI) is completely rejected when the true delay and estimated delay are in the same chip interval. However, because they double the number of PN codes used, the noise enhancement problem of the decorrelating detector is more severe, and their capacity will not exceed 50% of the spreading factor [17] .
The QS-CDMA MMSE detector [16] , the improved MMSE (IMMSE) multiuser detector for asynchronous CDMA [26] , and two robustified detectors [18] are based on stochastic delay error modelling. The detectors [16] and [26] achieve robustness by averaging over all possible delay errors, assuming zero-mean Gaussian [26] or uniform delay error distribution [16] , respectively. In [18] , the linear transformation matrix of the MMSE and decorrelating detector is modified. Although the stochastic approach improves the average BER for a large delay error distribution, the residual MAI caused by timing error is not completely eliminated and is therefore not near-far resistant.
We consider multiuser detection for the asynchronous CDMA uplink under delay mismatch using a similar approach as in [16] and [17] , and chip-matched sampling and filtering. We assume that the delays of all users are estimated to within the same chip interval of the true delay. Our proposed robust multiuser detector is insensitive to time delay estimation errors, with a capacity close to 100% of the spreading factor, and performs well for band-limited chip waveforms.
Without loss of generality, we consider a single-path CDMA uplink channel, assuming K active users. We note that an L-path, K-user channel can be modelled as a singlepath system with K × L users.
For rectangular chip pulses, the equivalent discrete-time user signal can be expressed as the sum of signals from two equivalent virtual users. We divide the two virtual users into an estimated virtual user with signature waveform at the estimated delay, and one error virtual user with signature waveform as the error vector corresponding to the difference between the true delay and estimated delay. Thus, we view a signal from one propagation path as signals arriving from two virtual paths. Since the delay error will only affect the amplitude of those two virtual users' signals, and since it is well known that the decorrelating detector does not require user amplitude information, it is possible to design a robust decorrelating detector for those 2K virtual users and eliminate the MAI [17] .
To increase capacity beyond 50% of the spreading factor, we use a block of M symbols, and apply the new robust decorrelating detector on a block in a multistage fashion. In each stage, M separate error vectors are combined into an M -symbol length error vector using tentative data bit decisions from the previous stage. The result is an equivalent (M + 1)K/M user CDMA system, and the system capacity is increased to M/(M + 1) of the spreading factor.
Since the multistage decorrelating detector is extremely complex to compute, we propose a robust successive interference cancellation (SIC) detector. At each SIC iteration, the delay mismatch introduced interference is estimated and cancelled using decision feedback from the tentative data bits.
This robust SIC is then generalized to band-limited chip pulse shapes. Unlike [16] and [26] , the robust SIC detector does not require an assumed delay error distribution.
This paper is organized as follows. In Section II, the system models are described. Section III proposes the robust SIC multiuser detector under delay mismatch, and is analyzed in Section IV. Section V generalizes the new detector to band-limited chip pulse shapes while Section VI provides simulation results. The symbols (·)
T , (·) * and (·) H denote transpose, conjugate and conjugate transpose operations, respectively. I M denotes an M × M identity matrix.
II. System Model
We consider the basestation uplink receiver that has knowledge of the spreading codes of all users. It is assumed that the delays of all users are estimated to within one chip interval of the true delays. For clarity and brevity, we consider a single-path channel. However, the method can be extended to the case of multipath channels in a straightforward manner.
Using a similar system model to [1] , the received signals are assumed to be carrier phase-synchronized and coherently received, so the equivalent base-band signal is real
where a k (i) ∈ R and b k (i) ∈ {+1, −1} are the kth user's received signal amplitude and data bit for the ith time interval respectively, τ k ∈ [0, T ) is the kth user's propagation delay, T is the bit duration, K is the total number of users and n(t) is white Gaussian noise. We note that carrier phase-synchronized MAI is a worst-case scenario. We consider only rectangular chip pulse shapes. The more general case is considered in Section V. In (1), the normalized signature waveform of user k,s k (t), is
where N = T /T c is the spreading factor, {c k (j)} N −1 j=0 is the spreading code, T c is the chip duration and h(t) is a rectangular pulse with duration [0, T c ).
The decorrelating detector for asynchronous CDMA channels in [1] is based on an infinite-length bit sequence. Near-far resistance is destroyed, however, when applied to a finite-length observation window, which is known as the edge effect [5] . To focus on the effect of timing errors, we eliminate edge effects by using an isolation bit insertion (IBI) receiver [20] , by inserting a blank bit interval every M bit intervals. We want to recover M transmitted data bits of each user, and select the received signal of (M + 1)T length for demodulation.
Assume the channel changes relatively slowly compared to (M +1)T , we model the received signal power as constant for this interval, i.e., a k (i) = a k for i = 1, . . . , M .
After chip-matched filtering and chip-rate sampling, in vector form we obtain
where
The element r(m) in (4) for the mth observation interval is a vector 
is an integer and δ k ∈ [0, 1) is the fractional part. The received signature waveform of the ith bit of the kth user, d k (i) ∈ R (M +1)N , can be expressed as the combination of two adjacent shifted version of user spreading codes [7] 
where c k ∈ R (M +1)N is the kth user's spreading code vector for the (M + 1)T second interval defined as
In (7), c k (p k , i) is defined as c k right-shifted by (i−1)N + p k chips. The chip-matched filtered and sampled signal of (3) can be expressed in more compact matrix form as
T is the data bit vector for the ith interval, A = I M ⊗ a is an M K × M K diagonal matrix of received signal amplitudes, where ⊗ denotes the Kronecker product, and a = diag(a 1 , a 2 , . . . , a K ). The code matrix is
and the decorrelating detector with perfect time delay information is constructed as [1] 
III. Robust Multiuser Detectors

A. Prediction Error Approach
Denote the estimated time delay of the kth
is the fractional part. The kth user's signature waveform for the ith interval d k (i) can be expressed as the weighted sum of two signals, as shown in Fig. 1 .
From (12), we can view each user as the combination of two virtual users, one with estimated code vectord k (i), and the other with error code vector ∆d k (i).
B. Two Virtual User Approach
Similar to [16] and [17] , these two virtual users can also be the chip-synchronous adjacent shifted versions of that user's spreading code signal, i.e.,
C. Hybrid Approach
Alternatively, rather than (12), the kth user's signature waveform for the ith interval d k (i) can be expressed as a mixture between the previous two cases, i.e.,
Each user's code can now be viewed as the combination of three virtual users with code vectorsd k (i), ∆d k (i) and
We denote the vector c k (p k + 1, i) of the third virtual user as the guard vector. The robust SIC detector based on (14) uses a similar technique as the prediction error approach. The above decomposition has the advantage in that it contains the additional term c k (p k + 1, i), which allows for fractional delay error correction across integer chip boundaries. Its disadvantage over Eq. (12) is noise enhancement when there is no integer chip error.
D. Robust Decorrelating Detector
For simplicity, we consider the case of fractional delay uncertainty (Section III-A) only for the following algorithm description. In view of (12), the vector of received signal (9) is modified as
, and code matrix
We can now construct a robust decorrelating detector aŝ
Since the signal energy in the error vector may be small, we only use the signal energy in the estimated virtual user for bit detection, i.e.,
Since (17) is a decorrelating detector, it does not depend on amplitude information and is near-far resistant under delay mismatch. However, since each user is decomposed into two virtual users, the total number of users that can be detected is upper bounded by N/2, where N is the spreading factor [17] . The computational complexity of robust decorrelating detector is dominated by the doubled dimension matrix inversion, which is 8 times that of the decorrelating detector.
E. Multistage Robust Decorrelating Detector
One possible way to improve capacity and performance is to use a multistage version of the above robust decorrelating detector. At each stage, the M error vectors of each user are combined into a long error vector based on the tentative data bit decisions,b k (i), as
We construct a new code matrix D , but with smaller dimension than that of (16)
The multistage robust decorrelating detector is implemented by the following procedure:
(1) Use the standard decorrelating detector with estimated time delay to obtain the initial estimate:
whereD is defined as in (10) 
(4) If the change ofb from the previous stage is small enough, end the calculation. Otherwise go to step (2) .
The number of users that can be supported is now M M +1 N . For moderate block lengths, such as M = 9, the capacity is now 90% of the spreading factor. Usually the above multistage robust detector converges to a fixed point in 3-4 iterations. However, the inversion of a (M +1)K ×(M +1)K matrix in (22) is still computationally complex.
F. Robust SIC Detector
The decorrelating detector is the maximum-likelihood estimator when the user amplitude information is unknown at the receiver [1] . The linear successive interference cancellation (SIC) receiver is computationally attractive iterative implementation of the decorrelating detector with proven convergence properties [22] [23] , which is similar to the space alternating generalized EM (SAGE) [24] based iterative decorrelating detector [25] . Since a linear SIC implementation is used, reordering of the users according to signal-to-noise ratio (SNR) at each iteration is not necessary [23] and so is not performed here to reduce complexity.
We propose the following implementation of the above multistage robust decorrelating detector: (23) where
(2) Update user k's signal amplitudes and data bits:
where abs( ) and sign( ) take the absolute value and the sign, respectively. (3) Estimate the residual signal of the kth user due to timing error as:
(4) Update the amplitude of the error vector:
If for all k = 1 to
is used to decorrelate the signals ind k (i) and ∆d k (i), to prevent the self-interference from the residual signal due to timing error. When σ τ < 0.2T c , the self-interference from the timing error residual signal is small, and it is advantageous to used k (i) in place ofd k−dec (i) in (24) and (25) to avoid the decorrelation introduced noise enhancement. We note that since ∆a k =â k (δ k −δ k ) from (12), ∆a k can be used to improve the delay estimate. When there are large delay errors, we can always used k−dec (i) in (24) and (25) first to bring the delay error within 0.2T c and apply the robust SIC again usingd k (i) for a second pass. Almost all current CDMA delay estimation methods can provide delay error less than 0.2T c [6] [7] [8] [9] [10], so the first step is usually not needed, and thus our analysis and simulation will largely be based on omitting self-interference decorrelation.
Our robust SIC adds an error vector signal estimation procedure to the original linear SIC. When the tentative data bit decisions at the jth iteration are all correct, then the estimated error vector signal will have an interference cancellation factor of 100%. When some bits of the tentative data bit decisions are incorrect, the estimated amplitude of the error vector will be smaller than the actual value, which is equivalent to soft cancellation with a factor less than 100%. So this robust SIC implicitly incorporates soft interference cancellation into its iterations, and will likely converge to the multistage robust decorrelating detector output. In the case when it does not converge to global maximum, good performance will still be expected: strong users are more likely to have an accurate residual error signal estimate and cancellation. As a result, residual interference due to timing errors will be mostly cancelled out, and the local maximum will be close to the multistage robust decorrelating detector output.
In summary, the proposed robust SIC detector adds modest complexity to the standard SIC detector, but with interference caused by the timing errors dramatically reduced. Its capacity is close to that of the ideal decorrelating detector with the perfect time delay estimates.
The above robust SIC detector can be extended to the multipath channels as well. Each resolvable signal path is divided into two virtual paths, and the delay error introduced interference is estimated and cancelled for each path. The complexity increase from the single-path case is linearly proportional to the number of multipaths.
IV. Performance Analysis
In this section, we will derive the the AME (asymptotic multiuser efficiency) and BER (bit error rate) performance measure for the robust SIC detector. We also calculate the probability of the occurrence of an integer and fractional uncertainty delay estimate.
A. AME and BER
The asymptotic multiuser efficiency (AME), a performance measure for multiuser signal detection as the background noise vanishes, for user k is defined as [27] 
where w k is the received signal energy of user k, σ is the standard deviation of white Gaussian noise, P k (σ) is the BER of user k at the multiuser detector output and
2 dy. For the fractional chip uncertainty delay estimate case, the AME and BER of the proposed robust decorrelating detector are obtained similarly as the decorrelating detector [1] . The BER and AME for the ith bit of the kth user of the decorrelating detector with perfect time delay are, respectively
and . For the robust decorrelating detector and the multistage decorrelating detector (assuming that tentative data bit decisions are all correct), the BER and AME are given as (29) and (30) with D replacing D.
In [21] , it was shown that for a K-user CDMA system using independent and identically distributed random spreading sequences with spreading factor N , the average AME of a decorrelating detector is η K = N −K N −1 . Therefore, the AME is inversely proportional to the number of users. The robust decorrelating detector has an equivalent of 2K users. The multistage decorrelating detector described in Section III assuming correct tentative data bit decisions yield an equivalent of
M +1
M K users. The robust SIC detector is an iterative implementation of the multistage decorrelating detector, so its performance would be upper bounded by the multistage decorrelator.
Note that in (24) we have estimatedâ k (i) independently at different time intervals, 1 ≤ i ≤ M , which converges to the decorrelating detector. If we use the constant amplitude property to average theâ k (i)s, i.e.,
, or use exact amplitude information (if it is available), then there will be less noise enhancement, and the robust SIC detector may outperform the corresponding decorrelating detector. However, convergence of such a smoothing procedure is not guaranteed.
The BER and AME for the ith bit of the kth user of the decorrelating detector with estimated time delays can be calculated as in [11] . As its AME depends on the received powers of the other users, it is not near-far resistant.
B. Implementation Complexity
In this subsection, we calculate the computational complexity of the proposed robust SIC and compare it to those of the other multiuser detectors.
Note that in the decorrelation in the initialization step there are M K 2 × 2 matrices, each constructed from multiplying 2×N and N ×2 matrices, and therefore is O (M N K) . Assume that the robust SIC needs J iterations. Each iteration of the robust SIC algorithm takes O(M N K) computations, so the total complexity is O(JM N K). Usually J = 10 is enough to get close to steady-state performance. No reordering according to SNR is performed in the algorithm.
The decorrelating detector has complexity O(M 3 K 3 ). The SIC implementation of the decorrelating detector is of complexity O(JM N K) [23] , assume that the number of SIC stages is the same as that of the robust SIC. The robust decorrelating detector [16] and [17] Few research results have been reported on robust multiuser detectors with different chip pulse shapes. In [19] , an approach similar to the IMMSE detector of [26] was extended to a pulse-shaping system, and a modified maximum-likelihood sequence detection (M-MLSD) is derived by averaging over the time delay error distributions. In this section, we will construct a generalized system model for a band-limited chip pulse shape CDMA system, and extend the proposed robust SIC detector of Section III to this general case.
The system model is similar to the one used in [19] and [22] . The received signal is given by (1) , where the normalized signature waveform of user k is modified from (2) ass
where ψ(t) is a band-limited chip pulse shape. In the simulations, a square-root raised cosine pulse shape is used for ψ(t). The receiver front-end chip-matched filter has impulse response ψ * (t). For general chip pulse shapes, the received signature waveform of the ith bit of the kth user, d k (i), is the convolution of the user spreading codes with the chip-matched filter response at the sampling points, i.e.,
where vector g k is the kth user's chip-matched filter response at the chip-rate sampling points, as shown in Fig.  2 . If the chip-matched filter response is truncated to length P T c , then the vector g k will be of length P , and the signature waveform d k (i) will have N +P −1 non-zero elements.
The mth element of g k is given by
The error vector ∆d k (i) for the band-limited chip pulse shape is the convolution of the user spreading codes with the first derivative vector f k of the kth user's chip-matched filter response at the sampling points, i.e.,
with elements
The
The robust SIC detector of Section III can be applied by substituting of (34) and (36) into (12) . Since the Taylor expansion of (36) is not exact, there will be residual interference. As will be shown in Section VI, this interference is not large as long as the timing error is small enough so that the first-order Taylor expansion is a good approximation.
VI. Numerical and Simulation Results
In this section, we simulate the performance of our proposed robust SIC multiuser detector, and compare its performance to that of the decorrelating detector with and without perfect time delay estimates.
Throughout the simulations, if it is not otherwise stated, we will assume as in [11] [29] that the delay estimation errors are independent zero-mean Gaussian random variables with equal standard deviation σ τ = 0.1T c for all users, and (24) and (25) . Gold code sequences of length N = 31 and a block size of M = 9 are used. Unless otherwise stated, the estimated time delays have only fractional chip uncertainty and rectangular chip-pulse shapes are used. Although a Gaussian delay error distribution is used for the simulations, we note the robust SIC detector operation does not depend on the delay error distribution. The user of interest, the first user, has the lowest received power. The near-far ratio is defined as the power ratio of the strongest user to the first user, P k /P 1 , where P k = a 2 k . Other users have power levels uniformly distributed between the strongest and the weakest user. Signal-to-noise ratio (SNR) is defined for the first user as SN R = P 1 /σ 2 n . For all the BER simulations, near-far ratio is fixed at 20 dB.
In Figures 3-10 , the Decorrelator(True Delay) curves refer to the decorrelating detector with true time delays, Eq. (11). Decorrelator(Est. Delay) refers to the decorrelating detector with estimated time delays, Eq. (21), Robust SIC refers to the robust SIC detector of Eqs. (12), (23)- (27) , Robust Decorrelator refers to the robust decorrelating detector with 2K virtual users of Eq. (17) . As expected, the robust decorrelators employing virtual users as in (12) have almost identical BERs compared to that using (13) . So in all the figures, only the curves of the robust decorrelator using (12) will be shown. The Decorrelator(True Delay, Analytical), Robust SIC(Analytical) and Robust Decorrelator(Analytical) curves refer to the analytical BER calculated using (29) , with the SN R adjusted by a factor of 2/3, to account for the chip-asynchronous loss for rectangular chip pulses [28] . These analytical curves serve to confirm the accuracy of the BER simulation curves.
In Fig. 3 , the number of users is K = 5 and the near-far ratio is increased from 0 to 30 dB. The multistage robust decorrelating detector with correct data bit decisions serves as the upper bound for the proposed robust SIC detector. As shown, the AME of the proposed robust SIC detector is between the AME value of the decorrelating detector with true delays and the robust decorrelating detector, and stays constant as the near-far ratio increases. Therefore this proposed robust SIC detector exhibits near-far resistance under delay mismatch. As the near-far ratio increases, the AME of the decorrelating detector with estimated time delays decreases toward zero. Fig. 4 compares the AME performance as the number of users is increased from 3 to 31. The near-far ratio is fixed at 20 dB. As expected from Section IV-A, the robust SIC can support
10 × 31 28 users (AME is greater than zero). The decorrelator with estimated delays can only support 5 or 6 users while the robust decorrelator can support 16 users, about half the spreading factor, N/2. It can also be observed that the AME of the robust decorrelator approaches zero at twice the rate of the decorrelator with true delays as the number of users increases, while the robust SIC decrease is close to that of the decorrelator with true delays.
In Fig. 5 , the results show that with 10 users the BER of the robust SIC detector (Section III-A) is lower than that of the robust decorrelator and is close to the BER of the ideal decorrelator with known time delays. At a BER of 10 −3 , the loss compared to the ideal decorrelator is about 0.4 dB. The BER of the decorrelator with estimated delays is larger than 10 −2 in high SNR, which makes it completely unusable in this severe near-far condition. We find that the proposed robust SIC detector converges in 10 iterations, where we define convergence of the robust SIC detector to occur when the difference in estimated amplitude value between two consecutive iterations is less than 0.1%. As a result, the computational saving due to the SIC is large compared to that of matrix inversion.
We have claimed that the robust SIC detector has a capacity of over 50% of the spreading factor. To show this, a system with 20 users is simulated in Fig. 6 . The difference between the robust SIC detector and the decorrelator with true delays is significant. This can be explained by the AME values of Fig. 4 , in which the AME of the robust SIC detector is about half of that of the ideal decorrelator.
Figs. 7 and 8 show the AME and BER of the proposed robust SIC, respectively, as a function of the values of delay estimation error standard deviation σ τ varying from 0.0T c to 0.8T c . The delay error is truncated to be within ±0.5T c as all users are assumed under acquisition. When (24) and (25) . From the results, our robust SIC is usable as long as the estimated time delay is within ±0.5T c of the true delay, although its performance is best when σ τ ≤ 0.1T c .
In Fig. 9 , performance of the two proposed approaches are compared for σ τ = 0.15T c . Robust SIC(Guard Vector) refers to the robust SIC detector using (14) of Section III-C, Robust SIC(No Guard Vector) refers to the robust SIC detector using (12) of Section III-A. From Fig. 9 , as SNR gets larger, the robust SIC detector(Guard Vector) of Eq. (14) 
ψ(t)
2 dt/σ 2 T c . From Fig. 10 , the robust SIC detector has a lower BER than the robust decorrelating detector. Although both the BERs of the robust SIC detector and the robust decorrelating detector show significant improvement over the decorrelating detector with estimated delays, there is a larger performance gap from the ideal decorrelator, due to residual error in the first-order Taylor expansion in (36).
VII. Conclusion
Using a chip-matched filtering model, we have proposed a robust SIC detector. The BER and AME performance measures are derived and simulated. The receiver is nearfar resistant when all users are under acquisition to within half-chip. Performance is only slightly inferior to a decorrelating detector with perfect delay estimates, but outperforms a decorrelating detector with estimated delays. Capacity is greater than the 50% capacity limit of the synchronous robust decorrelating detector, and the AME is improved as well. This robust SIC detector is similar to iterative maximization of the log-likelihood function using the SAGE algorithm, which has guaranteed convergence at least to a fixed point. This robust SIC detector, generalized to band-limited chip pulse shapes, exhibits some performance degradation due to incomplete interference cancellation. This robust SIC detector is derived for AWGN or slowly-varying channels. As further work, the approach could be extended to fast fading channels. In addition, the performance for band-limited chip pulse shapes could be improved. 
